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Abstract 

By a classical theorem of Koksma the sequence of fractional parts ({a;"})„>i is uni- 
formly distributed for almost all values of x. In the present paper we obtain an exact 
quantitative version of Koksma's theorem, by calculating the precise asymptotic order of 
the discrepancy of {{ix''"})n>i for typical values of x (in the sense of Lebesgue measure). 
Here ^ > is an arbitrary constant, and (s„)„>i can be any sequence of distinct positive 
integers. 

1 Introduction and statement of results 

A sequence {xn)n>i of real numbers from the unit interval is called uniformly distributed 
modulo 1 (u.d. mod 1) if for any < a < 6 < 1 

1 ^ 

j^^^[a,b){xn) ^ b - a as7V->oo. (1) 

n=l 

In other words, a sequence is u.d. mod 1 if the relative number of elements of the sequence 
contained in an interval [a, b) C [0, 1) always converges to the length (or Lebesgue measure) 
of this interval. Here the length of such an interval can be interpreted as the expected value 
for the relative number of elements of a random sequence contained in it, and with regard 
to the Glivenko-Cantelli theorem a uniformly distributed sequences can be considered as a 
sequence showing random behavior. There exist many sequences which are u.d. mod 1, for 
example the sequence {{nx})n>i whenever x ^ Q (here, and in the sequel, {•} denotes the 
fractional part). 

The speed of convergence in ([1]) is measured by the discrepancy and the star- discrepancy of 
the sequence {xri)ri>i- For a finite sequence (xi, . . . ,ic/v') the (extremal) discrepancy -Da^ s-nd 
the star-discrepancy Dy are defined as 



Dn{xi,...,xn) = sup 

0<a<f)<l 



1 ^ 

J^^'^[a,b){Xn) - (b- 



n=l 
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and 

N 



D*^{xi,...,xn) sup 

0<a<l 



N 

n=l 



For simplicity, we will write Dp^{xn) and D*^{xn) for the discrepancy resp. star-discrepancy 
of the first elements of a (finite or infinite) sequence. For an introduction to the theory of 
uniform distribution modulo 1 and discrepancy theory we refer to the monographs [23, ^T]. 

By a remarkable result of Weyl |59] for any sequence of distinct integers (sn)n>i the sequence 
{{snx})n>i is u.d. mod 1 for almost all x (in the sense of Lebesgue measure). This is 
equivalent to the fact that 

D]\j{{snx}) —7-0 as — 7- oo for almost all x. 

Precise results are only known in a few special cases. For example, when Sn = n, n > 1, we 
have 

NDnHux}) 2 . 

irr. — t; ~^ ^ m measure (2) 

logiVloglogAf 7r2 ^ ^ 

due to Kesten [38j (see also [51] )• Exact results of this type are possible since there is 
an intimate connection between the discrepancy of {{nx})n>i and the continued fraction 
expansion of x. The second class of sequences for which precise metric results are known are 
sequences satisfying the Hadamard gap condition 

> g > 1, n > 1. 

In this case Philipp [49j proved the bounded law of the iterated logarithm (LIL) 



1 ^ VNDNiiSnX}) ^ ^ 

4 - VfoglogF - ^ 



where Cq depends only on the growth factor q (the lower bound follows from an older result of 
Erdos and Gal [26j and Koksma's inequality). For sequences of the special form Sn = fS"", n > 
1, for some /S > 1, Fukuyama [30] recently proved the precise LIL 



NDNi{f3^x}) 

- cFjs a.e.. 



Vlog log N 



where ap is a constant depending on the number-theoretic properties of /? in a very compli- 
cated and interesting way. In particular 



iVL>7v({2"x}) 2V2T 



Vlog log N 

and 



AfDjv({/3"x}) 1 



a.e. , 



a.e. 



Vlog log N y/2 

if /3 is a number for which /?'' Q, r > 1. These results should be compared to the Chung- 
Smirnov law of the iterated logarithm for independent, identically [0, l]-uniformly distributed 
random variables {Xn)n>i-, which states that 



NDN{Xn) 1 

— a.s. 



Vlog log N V2 
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In this specific form the law of the iterated logarithm for the discrepancy (in other words: for 
the Kolmogorov-Smirnov statistic) of (X„)„>i is due to Chung [22] and Cassels [2T]; for a 
general formulation, see e.g. [52^ p. 504]. Recall that a number x is a normal number in base 
/3 if and only if Di\i{{f3"'x}) — t- as iV — )• oo. This means that Fukuyama's result is a precise 
quantitative version of Borel's theorem that almost all numbers are normal [18] . 

To the best of my knowledge the two mentioned classes of sequences (arithmetic progressions 
and lacunary sequences) are essentially the only two classes of parametric sequences for which 
the typical (in the sense of Lebesgue measure) asymptotic order of the discrepancy is precisely 
known. For general sequences {sn)n>i of distinct integers we only have the upper bounds 

DnHsux}) = O l^feilOj^^ 
(Erdos and Koksma ^28j) and 



N 



( (logA^)3/2+A 

DN{{snx}) = O j= a.e. if {sn)n>i IS mcreasmg (3) 



N 

(Baker [10]). It is known that the exponent of the logarithmic term in ^ can in general 
not be reduced below 1/2 (Berkes and Philipp [T2|), but as ^ shows for a specific sequence 
{sn)n>i the typical speed of convergence of DN{{snx}) can differ from ([3]) significantly. More 
details on metric discrepancy theory can be found in the book of Harman [34] and in our 
survey paper [6]. 

In 1935, Koksma [4QJ proved a very general result in uniform distribution theory, which as a 
special case contains the fact that for any ^ > and any sequence (s„)„>i of distinct positive 
integers the sequence ({C^*"})n>i is u.d. mod 1 for almost all x > 1. In particular, geometric 
progressions {{x^})n>i are u.d. mod 1 for almost all x > 1. Erdos and Koksma [27] proved 
that the asymptotic order of the discrepancy of ({Ca^*"})n>i, in the case of increasing (sn)„>i, 
satisfies 

DNiiix'-]) = O I (iog^)^^^(iog^og^)^^^+M as TV ^ oo for almost all x > 1. (4) 



In 1950 this was improved by Cassels [20] . who obtained 

DN{{ix'^]) = O n"g^(lQg^og^)^^^^M asiV^oo for almost all x > 1. (5) 



N 

Since then, no further improvements of ([5|) have been made. On the other hand, as far as I 
know, no asymptotic lower bounds for D]\}{{^x^'^}) or Df^{{x'^}) for typical values of x (in 
the sense of Lebesgue measure) have ever been proved. 

Concerning the asymptotic distribution of ({x*"})„>i, it should be mentioned that Nieder- 
reiter and Tichy [44] proved that this sequence is completely uniformly distributec|i| modulo 



sequence (a;„)„>i is called completely uniformly distributed modulo 1, if for any s > 1 the s-dimensional 
sequence {{x ))„>! is uniformly distributed mod 1 in [0, l]^ See [23l|4T] for details. 
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1 for almost all x > 1, by this means solving a problem posed by Knuth [39], who sug- 
gested complete uniform distribution as a criterion for pseudorandomness of deterministic 
sequences. For details see [S], as well as [l5l[58] for quantitative results containing discrep- 
ancy estimates. 

Koksma's theorem has been generalized to many other cases, including complex numbers 
(LeVeque [32]), quaternions (Tichy [57] and Nowak [46j) and matrices (Nowak and Tichy [471 
148] ) . In many cases, quantitative results similar to ^ and ([5]) exist. 

Deciding whether ({x"'})n>i or {{Cx^"})n>i is u.d. mod 1 for a specific value of x is a notori- 
ously difficult problem, and only few partial results are known. For a comprehensive survey, 
see |19j. A famous open problem is whether the sequence ({(3/2)"'})„>i is u.d. mod 1, but 
in fact we do not even know if limsup„^oo{(3/2)'^} — liminf„_s.oo{(3/2)'^} > 1/2. Mahler [33] 
asked whether there exists a number ^ > for which {^(3/2)"} G [0, 1/2] for all n > 1. These 
problems are connected with other difficult mathematical problems, such as Waring's problem 
(see [12]) and the 3x + 1 problem (see [29]). For an overview see [55] : recent contributions 
are e.g. due to Akiyama, Frougny and Sakarovitch [3 [8], Dubickas [HI [25] and Kaneko [36^137]. 

The purpose of the present paper is to prove precise metric results for the discrepancy of 
sequences of the form (Cx'*")„>i, where ^ > is a arbitrary (fixed) number and (s„)„>i is 
an arbitrary sequence of distinct positive integers. As a special case we obtain precise metric 
results for geometric progressions {Cx'^)n>i, and as a byproduct of the proof of our main 
theorem we also obtain a central limit theorem for {f{£,x^"))n>i- 

Theorem 1 For any sequence {sn)n>i of distinct positive integers and any number^ > we 
have for almost all x > 1 

VNDn{{^x'"}) ^/NDlfii^x'"}) 1 

hm sup : — = lim sup : — = —;= 

AT^oo VloglogA^ AT-^oo VloglogA^ V2 

As an immediate consequence of Theorem [1] we obtain the following corollary for geometric 
progressions of the form (^x"')„,>i. 

Corollary 1 For any > we have for almost all x > 1 



lim sup = — = lim sup = — = —pz 

N^oc VloglogAf Af_^oo VloglogA^ V2 

As a byproduct of our proof of Theorem [1] we also get the following central limit theorem. 
Theorem 2 Let f be a function satisfying 

fix) = fix + 1), ['fix)dx = 0, Var[o,i]/<2. (6) 
Jo 

Then for any sequence (sn)n>i of distinct positive integers, any number > and any 
nonempty interval [A,B] C (l,oo) we have 

P G [A, 5] : -^JZ /('^^'") <tj ^ ^(t) as N ^oo. 

Here P denotes the normalized Lebesgue measure on [A, B], and $ denotes the standard normal 
distribution function. The convergence is uniform in t gM. 
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I am not certain if these results are expected or surprising. Of course, it is reasonable to 
imagine that functions f{£,x"^} and /(^x") are "almost independent" if the difference be- 
tween m and n is large, and that therefore the system (/(^x''"))„>i and the discrepancy 
DnH^x'^"'}) should show "almost" the same behavior as in the case of an i.i.d. random 
sequence. For example. Beck [IH p. 55] writes that Koksma's theorem on the uniform distri- 
bution of {{x"'})n>i for a.e. x "was extended later to more delicate results such as the law of 
the iterated logarithm and the central limit theorem", although such results have not been 
proved so far; apparently Beck was convinced that they must be true. 

However, comparing the case of sequences of the form (^2;'*")„>i to the somewhat similar 
case of lacunary sequences, one sees that it is by no means clear that the (precise) LIL and 
CLT have to hold for geometric progressions. In the case of lacunary sequences {snx)n>i, the 
value of the limsup in the LIL for the discrepancy depends on the precise number-theoretic 
properties of {sn)n>i in a very complicated way, and can even be non-constant (see [HEllS]). 
Furthermore, the asymptotic behavior of lacunary sequences can change significantly after a 
permutation of its terms, see [311 [32]. Similarly, the CLT for lacunary sequences {sn)n>i is 
only true if the sequence satisfies certain number-theoretic conditions, and the limit distribu- 
tion of N^^/"^ Ylin=i fi^nx) can fail to be Gaussian (see [5j). 

Lacunary sequences and geometric progressions are essentially of the same order of growth, so 
it could also be imagined that additional number-theoretic conditions (like the Diophantine 
conditions in the case of lacunary sequences) would be necessary to obtain the precise LIL 
and CLT for geometric progressions. However, no such additional conditions are necessary, 
and apparently this is due to the fact that sequences of the form {{Cx^"}) by construction 
necessarily have a more inhomogeneous structure than lacunary sequences, which for exam- 
ple in the case ({2"'x})„>i can have a very strong periodic and homogeneous structure with 
respect to both x and n. 

The proof of the main theorem of this paper is based on methods which were developed 
for lacunary function systems. However, there are several major differences to the case of 
geometric progressions, which made it necessary to develop a new machinery. The two most 
significant differences are: 

• Lacunary systems {f{snx))n>i have a direct connection to Fourier analysis, and can be 
expanded into a Fourier series in a very simple and natural way. This makes it possible 
to reduce the calculation of L^-norms or exponential norms to counting the number of 
solutions of Diophantine equations, by utilizing the orthogonality of the trigonometric 
system. In the present situation this is not possible, and instead of orthogonality prop- 
erties we have to use the fact that a function /(^x") is highly oscillatory in comparison 
with /(^x™") if n ^> m. While in the lacunary case the orthogonality of the trigonomet- 
ric system guarantees that in calculating integrals most of the mixed factors vanish, we 
have to use the van der Corput inequality (see below) instead and take care of a huge 
number of small quantities. 

• For any / satisfying ([6|) and any integer n the function f{nx) is periodic with period n, 
which means that the global problem of considering all possible values of x can often be 
reduced to considering x only "locally" , and all values of x can be treated in the same 
way. In the present case we have functions of the form /(^^x"), which do not posses this 
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homogeneous structure. On the contrary, the speed of oscillation of /(^a;") increases as 
X increases, which for example makes the martingale approximation in Section [7] much 
more complicated than in the lacunary case. 

The rest of this paper is organized as follows: 

• In Section [2] we formulate several auxiliary results which will be necessary for the proofs. 
In particular this includes the statement of the van der Corput lemma, which is a crucial 
ingredient in our proof. 

• In Section [3] we prove a large deviations bound for J2n=M+i /(C^^'^")' which is a conse- 
quence of an exponential inequality in the spirit of Takahashi [56j and Philipp [l9] . 

• In Section|3]we prove a maximal version of the large deviations inequality from Section^ 
For the proof of this maximal inequality we use a dyadic decomposition of the index 
set. 

• In Section Owe prove a bounded law of the iterated logarithm for functions which are the 
remainder of a Fourier series of a function satisfying ([6]). Since the contribution of the 
remainder function of the ti-th partial sum of the Fourier series is small, it is sufficient 
to prove the exact LIL for trigonometric polynomials instead of general functions /. 

• In Section[U]we prove a bounded law of the iterated logarithm for a modified discrepancy, 
which considers only "small" subintervals of [0,1]. We show that the contribution of 
these small intervals is small, and that the proof of Theorem[T]can be reduced to proving 
the exact LIL for a single function / instead of a supremum over uncountable many 
indicator functions. 

• In Section [7] and Section [8] we prove the exact LIL for trigonometric polynomials. The 
proof uses an approximation by martingale differences, which has been developed by 
Berkes and, independently, Philipp and Stout. The main ingredient in the proof is 
an inequality of Heyde and Brown, giving an estimate for the deviation between the 
distribution of a sum of martingale differences and the normal distribution. 

• In Section [9] the precise LIL for functions satisfying ([6]) is obtained as a consequence of 
the results from Section [5] and Section [8l 

• Finally, in Section [10] we give the proof of Theorem [TJ In Section [11] we show how the 
proof of Theorem [2] can be obtained without much additional effort as a byproduct of 
the proof of Theorem [1] 

2 Preliminaries 

We will assume throughout the rest of the paper that the number ^ > is fixed. Furthermore, 
it is sufficient to prove that Theorem [1] holds for almost all x G [A, i?], where [j4,i?] C (l,oo) 
is an arbitrary interval. Throughout the rest of the paper, the numbers A, B satisfying 
1 < A < B will be fixed. We will write c for positive numbers, not always the same, which 
may only depend on ^ and A, B, but not on N, n, f, d or anything else (unless stated otherwise 
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at the beginning of the respective section). In the same sense we will use the symbols "<C" 
and . We write A for the Lebesgue measure. For simplicity of writing we will assume that 
B — A = 1, which means that ([^, 5], i?]), A) is a probability space. We will write P 
for the Lebesgue measure on [A, B], and E for the expected value with respect to this measure. 



Throughout the rest of this paper, we will write exp(3;) for e^. Furthermore, logx denotes 
the natural logarithm, and should be interpreted as max{l,logx}. We set 



B \ 1/2 

2 



and 



ifix)y dx 



'^[a,b){x) = l[a,fe)(a;) -(b-a). 



Then for any < a < 6 < 1 the function I[a,6) satisfies (jf 
Lemma 1 ( |i60> p. 48]) Let f be a function satisfying 



and write 



(7) 



f{x) ~ {aj cos 2ttx + bj sin 2nx) 



for its Fourier series. Then 



\bj\ < 



J 



for j > 1. 



The following Lemma [2] is a special case of the van der Corput lemma. It can be found e.g. 
in |4H Chapter 1, Section 1, Lemma 2.1] or |53|. Chapter VIII, Proposition 2]. 

Lemma 2 Suppose that (p{x) is real-valued, that \(j)'{x)\ > 7 for some positive 7, and that (j)' 
is monotonic for all x G (a,/3). Then 



Lemma [3] and Lemma U] below follow directly from Lemma [2l 

Lemma 3 Let n be a positive integer. Then for any subinterval [a, /3] of \A, B] and any 
integer j > 1 we have 

rP 1 
/ cos(27r?fx") dx < — -. 

Lemma 4 Let m ^ n be positive integers. Then for any positive integers j, k and any 
subinterval [a, /3] of [A, B] we have 



/ cos(27re(jx" + kx"^)) dx 

J a 



< 



i max{m, n}a™'^^{'"'"}-i ' 
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Lemma 5 Let m < n be positive integers. Then for any positive integers j, k and for any 
1] > there exist three disjoint intervals Ii,l2,l3 (depending on j,k,m,n) such that 



X{[A,B]\{hUl2Ul3))<2Br] 

and such that for any interval [a, /3] which is completely contained in one of the intervals 
Ii , I2 or I3 we have 



cos(27r^(ix" - kx"^)) dx 



< 



1 ■ 



Proof of Lemma\^ We want to use Lemma [2] for (^{x) = 2ir^{jx^ — kx"^). Obviously this 
is not directly possible, since it might happen that ip^x) = 2iTS,{jnx'^~^ — kmx^~^) = for 
some x. We have 

(j)\x) = e (inx"-i - krux"^-^) = ^(jnx"-'" - km)x'^-\ 

Clearly, for 

we have (f)'{xi) = 0, and for any other 2; > 1 we have (p'ix) 7^ 0. Furthermore, it is easily seen 
that for X > 1 there is only one possible value where (p"{x) = 0, namely the value 

' km(m — 1)^ i/{n-m) 

X2 



jn(n — 1) 

Note that X2 < xi. This means that the interval [a, (3] can be partitioned into at most 3 
subintervals, in all of which (p'^x) is monotonic, respectively. More precisely, in the interval 
(1,X2] the function <j)' is negative and monotonic decreasing, in [x2,xi] it is negative and 
monotonic increasing, and in [xi,oo) it is positive and monotonic increasing. 

We have 

jnx^~^ ^ ^ 
kmx^'^ 

Thus for any x satisfying x > xi {1 + rj) this implies 

J""^ \ J"-^l , \n—m ^ 1 , 



fcmx™- 1 kmx^ 



and consequently 

0'(x) > ((1 + r? - 1) ikmx""-^ > ir^ma^"^ . (8) 



Similarly, for any x satisfying x < xi (1 — r/) we have 



krax"^-^ ~ \ u - I 
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and consequently 
Now we set 
and 



.m—1 



b' {x)\ > \{l — r] — I) ^kmx"^ \ > ^7]ma 



E=[xi{l-r]),xi{l+r])] 



h = [A, X2]\E, h = [x2,xi]\E, h = [xi, B]\E. 



(9) 



Note that it is possible that some of these three intervals are empty, which is no problem. 
Whenever [a,/3] is completely contained in one of the intervals /i,/2 or /a the derivative of 
4){x) is monotonic in [a,/3], and by dS]) and Q for any x G [a,/3] we have 



Thus in this case by Lemma [2] 

cos(2<(jx" - /tx™)) dx 



m—1 



< 



1 



Note also that 

This proves Lemma [5l 



A {[A, B]\{h UhU h)) = X{E) < 2Br]. 



3 Exponential inequality 



Lemma 6 Let f be a function satisfying ([6]). Assume additionally that 

iV-l/4 



> 



V2 • 



(10) 



Then there exist numbers > 1 and Nq (depending only on A) such that for any M > 
0, > Nq, and any 6 > we have 



X G [A, B] : 



M+N 
n=M+l 



>6cA\\f\\^/WNloglogN 



<. exp 



((1 - 5/2)\\f\\-'/^ loglogiv) + r^iV-ie. 



For the proof of Lemma [6] we use a method of Takahashi [56j, in a refined form of Philipp 
For simplicity of writing we assume that / is an even function, i.e. that it can be expanded 
into a pure cosine-series 

oo 

fix) ~ cos27rjx; 
i=i 

the proof in the general case is exactly the same. Then by Lemma [1] we have 



J 



J > 1- 



(11) 
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For any given M > 0, we write {wi, . . . , wn) for the sequence (sm+i, • • • , sm+n)i sorted in 
increasing order. Set 

aix) = ^ cos 27rjx, r{x) = f{x) - g{x). 



Note that ([6|) imphes 
Thus 



<ll/l|oo<l. 



(12) 
(13) 



ll^lloo < ll/lloo + Var[o,i] / < 3, 
by Lemma [1] and equations (1.25) and (3.5) of Chapter III of [60] . 

Lemma [6] will be deduced from Lemma [7] and Lemma [8] below. 

Lemma 7 There exists a constant ca such that for any sufficiently large N ( depending only 
on A) and any r > satisfying 



> N-^/^ and 12r [iV^/^ 



< 1 



we have 



Lemma 8 



y^exp (^Tj^gi^x""-)^ dx <C e"'^-*!'^"^. 
j [Ylriix""--)^ dx^N-^^>. 



(14) 



(15) 



Corollary 2 Under the assumptions of Lemma^ we have 



B 



exp 



N 
n=l 



dx « e-'^^ll/ll^. 



The corollary is obtained by using Lemma [7] also for the function —g{x) instead of g{x) 
Proof of Lemma ^ We use the inequality 



Set 

and 

For 1 < m < P set 



e"^ < 1 + z + z^, for \z\ < 1. 

H = \n'^/^ 
P = max{m G N : Hm < N}. 

H{m+1) 

UnXx)= Yl 5(ex"'"), 

n=Hm+l 



(16) 
(17) 



(18) 
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and 

N 

Upix)= Yl aiix^")- 

n=HP+l 

Then 

N P 

n=l m=l 

By (|13p and the first inequahty in (jl4p we have 

I'D 

/ exp (4rC/p(x)) < < e^^^'^ (19) 

(the value of ca will be chosen later, but we can assume that > 1). By the Cauchy-Schwarz 
inequality, (jlSp follows from (|19p . together with 



B 

exp 




4t 5^ ^2m(x)| dx«e^-^^'^, (20) 

m: l<2m<P 



^ C/2m+i(x)) dx«e^^^'^. (21) 

m: l<2m+l<P 



and 



The main idea of splitting the integral ()15p into the parts ()20p and ()2ip is that by sepa- 
rating the functions Um into two classes (those with even and those with odd index) there 
is also a separation of the corresponding values of Wn in (fTBj) . Consequently, two func- 
tions Umi and which have both even or both odd index are "almost" independent, and 
Ia ^"^^ e'^'"2 (ix ~ ^ e'^'"i dx^ ^ jj^ e^™2 (ix^ . Furthermore, the number of summands in 
the definition of Um is so small that we can use the approximation ()16p for rUm- 

We will only prove (|2Up : the proof of (j2ip can be given in exactly the same way. By (|13p 
and ()14p we have 

|4TC/2m| < 12rF < 1, 1 < 2m < P. 

By (|16p this implies 

4t ^ C/'2m(a:;) dx = exp (4rf/2m(x)) dx 

l<2m<P J ^ l<2m<P 

^ / n {^ + '^rU2m{x) + 16T^U2m{xf)dx. 

For any m, 1 < 2m < P, using the standard trigonometric identity 

cos X cos y = 2 + 2/) + cos(x — y)) , (22) 
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we have 



^ ^ajCos(2<jx"'") 

n=2Hm+l j=l 
H{2m+1) Ar38 

= ISr^ E E ^cos(2vre(jix-".+j2X-"2)) 

ni,n2=2Hm+l ji,i2=l 
H(2m+1) Ar38 

+16r2 Yl E ^cos(2<(jix-"i-j2X-"2)) 

ni,n2=2_ffm+l jij'2=l 
_ff(2m+l) 7V38 

= 16r2 5^ Yl ^^cos{2n^{hx^"^+j2X^"^)) (23) 

m,n2=2Hm+l ii,i2 = l 
/f'(2m+l) Ar38 

+16r2 J] ^2^cos(27re(jix'""i-i2x'""2)) (24) 

"ii"2=2-ffm+l Jij2=l 
H(2m+1) Ar38 

+^6^^ E E ^^cos(2<(jix'""i - j2x"'"2)). (25) 

ni,n2=2_H'm+l ii,i2=l 



Here the symbol "*" in (p4|l indicates that in this sum only those values of ji, j2 are considered, 
for which 

max{ji,j2} > min{ji,j2}^'"'""''- 



while the symbol in ()25p means that this sum is restricted to those ji,j2 for which 

max{ji,i2} < min{ji, j2}^l"^""'l. (26) 

We write W2m{x) for the sum of 4TU2mix) plus the expressions in ([23|) and and V2m for 
the expression in ()25p . Then 

1 + 4t;72™(x) + 16t2[72„(x)2 = 1 + 1^2™ (x) + V2m{x)- (27) 

Then for 1/2™. (a;) we have, using (fTT]l . ([26]) . and the Cauchy-Schwarz inequality, 

/i"{2m+l) Ar38 

11^2^1100 < 16r^ E J2 ^ 

ni,n2=2Hm+l jl,i2=l 



max{ji ,J2}>min{ji J2}j4l"i "2! 

7V38 



^ii ^i2 



2Hm+l<ni<?i2<i^(2m+l) j2 = l ji>j2A^"2-"i) 



00 



^38 



< 



64-^^ E E E ^ 



2 

=0 i2 = l jl>j2A^ 
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1/2 / \ 1/2 



< r^HWfWcA, (28) 
where ca is a constant depending only on A. Thus by ([27|) 

1 + ^rU2mix) + 16T^U2mixf < 1 + W^2m(x) + T^H\\f\\cA. 

We can write the function W2mix) as a sum of at most SH^N"^^ functions of the form 

cos f 27rO'x^) or cos f 2<(j/ix^i ± , (29) 



ah of which have coefficients bounded by max{|aj|, i > 1} < 1- The derivative of the 
arguments of the cosine-functions in ()29p is at most 

47rCiV38^^^^^^^^^«,H(2™+i)-i {oTxe[A,B], (30) 
and, on the other hand, by construction, this derivative is at least 

2<W2Hm+ia^""-^'"+'"^ (1 - for X e [A, B] (31) 

(since functions having smaller derivative are collected in V2m)- Furthermore, the second 
derivative is at least 

2T^iW2Hn.+l {w2Hm+l " 1) X^'^^-'+i"' (l " ^"') X G [A, B] . (32) 

By jSZl) and ([28]) we have 

nB 

/ n (1 + ^^^2m(x) + 16t2;72™(x)2) 

i<2m<P 

n (l + ^^2m(x) + r2/7||/||cA)dx 



< 



^ l<2m<P 



For some L let ii < • • • < iz, be any numbers from the set {m : 1 < 2m < P}, and 
let hi^{x), . . . ,hi^{x) be functions of the form ([JSD from W2i^{x), . . . ,W2i^{x), resp. Then 
by daO]) and ([31]) the product 



L 



J{h^, (33) 



£=1 



is a sum of cosine- functions with coefficients at most 1, such that the argument of each 
cosine-function has derivative at least 



L-l 



W2m,+ix'"'"'L+'-' (1 - A~') - ^ 2N''wHi2^,+l)x'""^''^+'■>-' 
\ e=i / 
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V 



V 



1-A-^) -2N' 



39 



p"'H-(2i^_l + l)- 



<X-H 



for sufficiently large N, since by (fT7|) 



for sufficiently large A'^ (depending only on A). Similarly, using ()32p . it is seen that the 
second derivative of the argument of each cosine-function which appears in (j33p is positive 
(for sufficiently large N). Thus by Lemma [2] 



/ (n^'''') ^^^^ 



For any fixed K, there are in total at most 

functions of the form (jSSp for which ij^ = (in other words, functions which are composed 
from one function in W2K and at most one function from W2, W4, . . . , W2K-2)- Furthermore, 
each of them has coefficient at most 1. Thus, using 1 + x < and 



lP/2] 

E 

K=l 



< 



K=l 



2K 



^ 1 for sufficiently large A^, 



we obtain 



l-B 

/ n i^ + W2m{x)+T^H\\f\\cA)dx 

•'^ l<2m<P 



n {l + r^H\\f\\cA) 

^l<2m<P 

« n exp(r2i/||/||c^) 

l<2m<P 

« exp{T^CA\\f\\N). 



lP/2] 



1+E 



K=l 



]427r^ 



This proves Lemma [71 

Proof of Lemma S By Minkowski's inequality 

2 \ 1/2 



1/2 



(34) 
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For Wn fixed, using (jlip . Lemma [3] and the inequality of arithmetic and geometric means we 
have 



(r(ex"'"))2 dx 



B 



B 



cos(27r(j + k)Cx'"") + cos(27r(j - k)S,x'"'')) dx 



< 



< 



< 



< 



< 



< 



oo ^ 

y - 



2jk 



(cos(27r(j + k)^x'"") + cos(27r(j - k)Cx'"")) dx 



j,k=N38 + l 

OO OO ^ 

2 y y^ 



(cos(2^(2i + £)Cx'^") + cos(27r^^3;"'")) 



2 



+ 



OO OO 



2 



+2 E Ettt^ 



j=N38 + 

OO OO 



2 ^--^ -j^ 



j=Ar38+i ^: 

OO OO 



1 i_ 



JY38 ' C /L^ /L^ j^/2f'i/2 



r-17 



Together with (fM|l this proves Lemma El 

Proof of Lemma We use Corollary [2] for 

r = c-^/V-V2(loglogiV)i/2||/||-3/4 

(here ca is the constant from the statement of Corollary [5]) . Then by (|1U|) and p2|) we have 

r > c;^^/V-i/2(loglogiV)i/2 and T<2c'^''^N-^/^^{\og\ogNfl'^, 
and condition ()14p is satisfied for sufficiently large A^. Consequently 

cB 



exp 



C^'/V-V2(loglogiV)V2 



n=Af+l 



< e 



11/11 -1/2 log log Af 



which implies for arbitrary (5 > 

> (V2)^/aI||/r/V^^loglogiV^ « e(i-V2)ll/ll-i/^iogiog7V^ (35) 



n=Af+l 
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By Lemma [HI Markov's inequality and (jlOp we have 

M+N 



n=M+l 



> {5/2)^CA\\f\\''^^/N\og\ogN\ « \\f\\-^'H-^N-^' < r^iV" 
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(36) 



Combining ([35]) and (p6|) we finally obtain 

> ^V^II/f/VA^loglogiV I « e(i-V2)ll/ll-/^iogiogJV ^^-2^-16^ 

which proves Lemma [6l 



A/+Af 
n=Af+l 



4 Maximal inequality 

Lemma 9 For any sufficiently large m ( depending only on A) we have the following: Let f 
be a function satisfying ([6|) and 

o— m/4 

(37) 



> 



V2 



Then for the number ca from Lemma and any 7 > 1 

M 



X G \A, B] : max 

1<M<2" 



^ exp I —7 



n=l 



> 847CA||/f/V2™loglog2'^ 



Corollary 3 For any sufficiently large N (depending only on A) we have the following: Let 
f be a function satisfying ([6]). Assume additionally that ()10p holds. Then for the number ca 
from Lemma and any 7 > 1 we have 



X G \A, B] : max 

l<A/<Af 



n=l 

< exp ( -711/11-1/2 iQgiQg^W ^-3, 



M 



> 1197CA||/f/V^loglogiV 



Proof of LemmalM' For the proof of Lemma[9]we use a classical dyadic decomposition method, 
which is frequently used for proving maximal inequalities in probability theory and probabilis- 
tic number theory (see, for example, [9l[33]). By Lemma[6]for the complete sum Yln=i fiC^^") 
we have 



n=l 



> 847CA||/f/V^loglog^ 
« exp ((1 - 847/2)11/11-1/2 log log2™) +2-16- 
< expf-4l7||/|ri/2loglog2"^) +2-1^™. 



(38) 



16 



Any number M < 2"^ can be written in dyadic representation 



M = eo + 2ei + 462 + • • • + 2™-^e 



m—l 



for digits eo,ei, . . . ,e. 



m— 1 • 



Writing S for the set of those numbers M, 1 < M < 2"* — 1, for which eq = 0, ei 
0, . . . , em/4 = 0) then by ([37|l . for sufficiently large m, 



max 

l<Af<2'"-l 



M 



> 847ca||/||'/V2'" log log 2*^ 



< P max 
\ Me5 



n=l 



> 837c^||/f/V2'" log log 2^^ 



(39) 



For a set U{K) containing 2^ consecutive elements of {1, . . . , 2™" — 1} for some K, m/4 < 
K < m — 1, we have, using the fact that 



log log 2 > 



and 1 - 5{m - K) > 4(m - K) 



for sufficiently large m, and using Lemma [6] for 5 = 10(m — K)^, 



ne(7(ft:) 



> 10(m - i^) 2(^-™)/2^CA 1 1 / f / V2" log log 2™ 



< 



> 10(m - ) 7CA 1 1 / f \/2^' log log 2^ 



n&U{K) 

< exp((l-10(m-K)7/2)||/|ri/2iogiog2i^^ +2-16^ 

< expf-2(m-i<C)7||/|ri/2iQgiQg2™'\ +2-^6^4 



< 2 



-2{rn-K) 



exp —7 



- w log 2™) +2 



-4m 



provided m is sufficiently large. To be able to represent every set {1, . . . , M} for M G 5 as a 
disjoint union of at most one set of cardinality 2^ for each K G {K : m/4 < K < m — 1}, 
we need in total 2"^~^ sets of cardinality 2^, for each m/4<K<m — 1. Thus, using 

00 

E 10A;2-'=/2 < 



k=l 



we have 



M 



n=l 



m—l 



< E 10(m-i^)2(^- 



m)/2 



7CA 



1/4 ^2"^ log log 2'^ 



i<'=m/4 



< 837CA||/f/V2^'"loglog2- 
for all M G 5, except for a set x G [A,B] of measure at most 



m—l 



< ^ 2™-^ j^2-2(™-^) exp (-711/11-1/2 log log 2"^^ ^ 2-^"^) 

ii'=m/4 
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« exp(-7||/ir^/2loglog2-) +2-3-, 

provided m is sufficiently large. Together witfi (j38p and (j39p this proves Lemma [9j 

Proof of Corollary Write for the smallest number > N, which is a power of 2. Then 
2N > N > N. Using Lemma [U] for the sequence {sn)i<n<N = (sra)Af+i<n<M+Af we have 



max 

1<M<N 



M 



n=l 



< max 

1<M<N 



M 



ra=l 



< 847CA||/f/ViVloglogiV 

< 1197CA||/f/V^loglogiV 

for sufficiently large N, except for a set x E [A, B] of probability at most 

exp(-7||/||-V2ioglogiv) + (iv)"'«exp (-711/11-1/2 log log at) ^^-3_ 

5 The law of the iterated logarithm for functions having small 
L^-norm 

Lemma 10 Let f be a function of bounded variation satisfying For some d > 1, let p 
denote the d-th partial sum of the Fourier series of f , and let r denote the remainder term 
f — p. Then for the constant ca from Lemma\^ 



lim sup 

Proof of Lemma \10[ Using Lemma [1] we have 



< 238cAd'^^^ a.e. 



, n 2 2 

^ p-7=d' 

j=d+l ■' ^ " 



and, by ([6]), we also have ||r|| < 1. Setting 

M 



Dm '■= \ X ^ \A, B\ : max 

\ 1<M<2"^ 



J2r{^x'-] 



n=l 



> 84(2(i-i/^)cA \/2™ log log 2*^ 



and using LemmaElfor 7 = 2d''^^^\\r\\-'^^* > 1.6 we obtain 



'{Dm) < exp (-1.6 log log 2™) + 2 



Thus 



J2 HDm) < 00, 



m=l 
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and by the Borel-Cantelli lemma with probabihty 1 only finitely many events Dm occur. Thus 
smce 238 > • 2 • 84 there are, also with probability 1, only finitely many for which 



N 



n=l 



> 238cA(i~^/V^log logiV, 



which proves the lemma. 



6 The law of the iterated logarithm for the discrepancy for 
small intervals 



In the present section we will prove a bounded law of the iterated logarithm for a modified 
version of the discrepancy, which only takes into account "small" intervals. More precisely, 
for an integer R> 1 and a sequence (zi, . . . , zn) G [0, 1)^ set 



D 



(<2-«) 



N 



{zi, ...,zn)-= sup 

aeZ,0<a<2«, 0<fe<2-« 



1 ^ 



n=l 



(Zn) 



(40) 



(the functions I were defined in ([7])). In other words, the discrepancy Dff considers only 
"small" intervals (those of length < 2~^), which have their left corner in a point of the form 
a2~^ for some a G {0, . . . , 2^ — 1}. Furthermore, we set 



L>]^ '{zi,...,ZN) :-- 



max 

a,b€Z,0<a<b<2R 



1 ^ 



n=l 



and 



n* {>2-«) 



(zi, . . . , ztv) := max 

aeZ,0<a<2« 



1 ^ 



n=l 



It is easily seen that always 

1* (>2-«) 



N 



<D*j^<Dn<D 



(>2-«) 



+ 3D 



(<2-«) 



TV 



(41) 



The idea to split the discrepancies D*^ and Dat in this way to obtain precise metric discrep- 
ancy results is due to Fukuyama 



Lemma 11 For any positive integer R we have for almost all x G [A, B] 



lim sup ■ 

N^oo Vlog log N 

where ca is the constant from Lemma\^ 



We use a dyadic decomposition of the unit interval, which was also used in [39]. For simplicity 
we will only consider the case a = 0, i.e. 



lim sup ■ 



SUPo<b<2-fl 



En=ll[0,6)(e^^"; 



VA^log \ogN 



< 10^ caR' 
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for almost all x G [A, B]. The proof for the other possible values of a, that is for 1 < a < 2^, 
can be given in exactly the same way. This means that the exceptional set in Lemma [TT] is a 
finite union of sets of measure zero, and consequently also has zero measure. 



For iV > 1 set 

En = 
and for m > 1 set 
Fjn = max 

\ l<Ar<2^™ 



sup 

. 0<fe<2-« 



N 



5^i[o,fe)(ea 



n=l 



> 10^CA-R"V^loglogAf 



sup 

6GZ,1<6<2™---« 



N 



n=l 



> IQ^caR'^ ^22"* log log 22*1 



Every interval [0,6), < 6 < 2~^, can be written as the union of an interval of the form 
[0, j2~'") for some appropriate j E Z, 1 < j < 2"^~^, and an interval B of length at most 
2~™. For a,ny x from tliG complGniGnt of F^ui we have for any A^, 1 < < 22™-, and any such 
interval B, 



N 



n=l 



< 2 • lO^CAi?" V2^™ log log 22™ + iV2-" 



< (2 • 10^ + 1) CA-R"V2^™ log log 22™, 

provided m is sufficiently large (depending on A and R). Consequently for any sufficiently 
large N satisfying 22'"~2 < N < 22™- for some m we have, for any x from the complement of 
F 

^ mi 



sup 

0<6<2-« 



TV 



n=l 



< (3 • 10^ + l)cAi?"V2^™ log log 22" 



< lO'^CAii'V^log logiV. 



Thus for sufficiently large m we have 



IJ EnC Em, 

22»"-2<Ar<22»n 



and hence 



Em < 00 implies Ejy < 00. (42) 

m=l Ar=l 

Writing b in binary expansion, it is easily seen that for any possible number 1 < 6 < 2™~^ 
the interval [0,62"™) can be written as the disjoint union of at most one interval of length 
2~^~^, at most one interval of length 2~^~'^, etc., and at most one interval of length 2""^. 
Furthermore, to be able to represent all possible intervals [0,62""*) we need exactly 



^k-R 



intervals of length 2 ^ , for any k € {R + 1, . . . , m}. 



(43) 
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Let / be the indicator function of an interval of length 2 ^ for some k <m. Then 

2-fc/2 



V2 



< llfll < 2-^^/2 



and 



> 



2-2rn./4 

71"' 

Consequently, using Lemma [9] with ^ = 2k we obtain 



max 

l<Af<22" 



N 



n=l 



> 84(2A;)2"'=/*^CA\/22™ log log 22*^ 



< exp (-2fc log log 22"^) + 2-*^" 

2A: 



1 



m 



-6rn 



It can be shown that 



8i{2k)2~''^^ < 250000i?"\ for any R>1. 

k=R+l 



Thus, using (|43p . we see that for any b, 1 < 6 < 2™ ^, we have 



max 

1<N<22'" 



N 



n=l 



< 84(2A:)2-^/^CA ^22"^ log log 22'^ 

k=R+l 



< 250000cAi?" V2^'" log log 22"^, 



except for a set of measure at most 



« E 2 

A:=_R+1 



m 



2k 



+ 2 



—6m 



Furthermore we also have for the full interval [0,2 ^), again by Lemma [9l 



max 

l<Af<22" 



N 



Ei[o,2-«)(ex^"; 



n=l 



> 250000CA-R" V2^'" log log 22"^ < 



Thus 



which by (j42|) and the Borel-Cantelli lemma implies that with probability 1 only finitely many 
events occur. This proves Lemma [TTl 
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7 Martingale approximation 



Throughout this section we assume that the number d is fixed; throughout this section the 
constants c and the impUed constants in and may depend on d. We will exclude 
the trivial case \\p\\ = 0, which is equivalent to p = 0. 

Lemma 12 Let p(x) be a trigonometric polynomial. Then for all numbers N which can be 
written in the form 



M 



N 



for some M 



1=1 



we have 



sup 



N 



logiV 
771725' 



where <1> denotes the standard normal distribution function 



(44) 



A crucial ingredient in our proof of Lemma [12] is the following result of Heyde and Brown [35] . 
which is based on a martingale version of the Skorokhod representation theorem due to 
Strassen |54] . We use the formulation from [16', Theorem A]. 



Lemma 13 Let Yi,Y2, . . . be a martingale difference sequence with finite fourth moments, let 
Vm = J2i=i^0^i^\^i^ • • • ^'^'^ (^a/)m>i be any sequence of positive numbers. Then 



sup 



n + • • • + Ym 

Vhi 



< t 



< K 



jj::Li^Y^'+^{{VM-bMf) 



1/5 



ft2 



where K is an absolute constant. 

Proof of Lemma[TM' We use an argument based on approximation by martingale differences, 
which was already used in [H [5] . This method was originally developed by Berkes [131 113 E] 
and Philipp and Stout [50]. Since in our case the functions, which we want to approximate, 
are not periodic, we have to construct an increasing sequence of space-inhomogeneous cr-fields 
for the approximation. 



For simplicity of writing we assume that p is an even function; the proof in the general case 
is exactly the same. Then we can write p in the form 

d 

p{x) = Oj cos 27rjx. 

i=i 

For simplicity of writing we will also assume that ||p|| < 1 and < 1, i > 1- 

We subdivide the set of positive integers consecutively into blocks Aj ("large blocks") and 
("small blocks"), in such a way that 

• the block Aj contains elements, for i > 1. 

• the block A^ contains i elements, for i > 1. 
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• elements of Aj are smaller than elements of A^, for i > 1. 

• elements of Aj are smaller than elements of Aj_|_i, for i > 1. 
. U>i(A.UA9=N. 

Assume that is of the form (|44p for some appropriate M. Then by construction 

M 

{l,...,iV} = U(A,UAO. 

i=l 

We write {wn)i<n<N for the sequence {sn)i<n<N, rearranged in increasing order. Then clearly 

N N 

Y^pi^x^-) = (45) 



n=l * n=l 

We write min{i) and max{i) for the smallest resp. largest element of Aj, and set 
m(i) = [log2 (i^^«„^ax(^)^"™^<^')l ' l<i<M. 

Note that 

w^min(i) - 'fi'max(i-i) > min(i) - max(i - 1) > i - 1, l<i<M. (46) 
We write Gj for the set of intervals of the form 

"^ + j2-'^W,^ + (j + l)2-'"W) , jE{0,...,2'"W-l}, l<i<M. 

(i) 



In other words, Gj is a partition of [A, B] into 2*"*^*) subintervals of equal length. Write x^- 



(i) 

for the smallest number in H) , that is 



xy =^ + j2^™«. 



and split every interval H- into 



2 



|'log2 («'max{j) (4''/"^))] 



pieces of equal length. Let J^j denote the cr- field generated by all these sets. Then {J^i)i<i<M 
is an increasing family of u-fields. For any i, any number x G [A, B] is contained in an atom 
of J-j which has length between 

n-m{i) / A \ '"'max(i) / 4 \ '"'max(i) 

and 2-™« -— -- . (47) 



2 \x } \x - 2-™W 

For 1 < i < M we set 

neAi neA' 
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Yi = E T, 



and 



Then by 

N M 
^ n=l 1=1 

Furthermore, 1^ is a discrete function, which by construction is constant on the atoms of J^i, 
and 

E{Y,\T^.l) =0. 

In other words, (yi)i<i<jv/ is a martingale difference. Let [a, (3) be any atom of J-i~i. Then 
by (HZD 



l3-a> 



2" 1) / '"'max{i-l) 



a 



> 



1 



2(i - l)6ti;^,,(,_l)A'"--(-i) \a 



\ ''^max(i-l) 



Thus by Lemma [3] and (|46p 
1 



/3-Q 



Ti{x) dx 



< 



1 



/3 — a 



neA, i=l 



cos 2TTjS,x^" dx 



^max(i— 1)' 



"'min(t)" 



and consequently 
Now, let [a,/3) denote an atom of J^j. By ()47p we have 



/3 - a < 2-'"(^) ( - 



1 



The derivative of on [a, (3] is bounded by 



(48) 



(49) 



(50) 



By the definition of m{i) it is easily seen that 



2-m(i) 



< 1. 



Thus by (|50p for any n E Aj the fluctuation of p(^x"'") on [a,/3) is bounded by ^ i ^. 
Therefore, together with we obtain 



(51) 
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(here, and in the sequel, we write | • | for the number of elements of a set). 
Next we have to calculate the conditional variances E(l^^|J^j_i). By ()5ip 



|E(y,Vi-i)-E(?;V*-i)| < K{\iY, + Ti)iY,-Ti 



1 1 ^ ~^ -^i 1 1 oo 1 1 1 1 oo 

and thus we can reduce the problem to estimating E(T.^| Using ([22]) . we have 



(52) 



j;a,cos(2^iex-": 

, nGAi j=l 



= I 12 «iiai2(cos(27r^(jix"^"i +j2x"^"2))+cos(27re(jix"'"i -isx"'"^))). 

ni,n2eAi ji,j2 = l 

In the above sum, for ni = n2 and ji = j2 we have cos(27r^(_7'ix'^"i — j2x'^"'^)) = 1, and thus 

d 

2 ^ ' 



1 

9 aii«i2Cos(27re(ji2;"'"i -J2x"'"2)) = |Ai 



ni,n2eAi ii,i2=l 



Consequently 



(il,»ii)={j2,r!-2) 



|E(i;2|j-^_,)_|A,|.|H|2| 

< 5Z E |lE(cos(27rC(iix"'"i +j2x"'"2)) 

ni,n2eAi ji,j2=l 



+ ^ 2Z |lE(cos(27r^(ii2:'""i -j2x"'"2)) 

ni,n2GA,; ii,i2=l 

^ V ' 

(ii."-l)7^{i2,ra2) 



(53) 
(54) 



Let [a, /3) be any atom of J-i-i- Using ()46p . ()48p and LemmalU we see that for any function 
from (l53l) 



< 



(/3 

2z6w 



1 

-/ cos(27r^(jix"'"i + j2x"'"2)) 

- ") J a 



max(i— 1) 



a 



^max(i — 1) 



Thus for any function from ()53p we have 

E ('cos(27r(ji2;"'"i +i2a;"'"2)) 



6 /l-i 
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and consequently the whole double sum in (j53j) is bounded by 



(55) 



Now consider any function of the form cos(27r^(jix"'"i — J^a^"'"^)) from (|54p . Then, using 
LemmaOwith rj = we know that there exist three intervals /i, /2 and of total measure 
at least 1 — 2Brj = 1 — 25?^^^, such that for any atom of J-i-i which is completely 

contained in one of the intervals Ii , I2 or we have 



1 



{(3 -a) 



cos(27r^(jix"'"i -J2x"'"2)) dx 



< 



max(i— 1) 



a 



^max(i — 1) 



(56) 



Since by (jT7|) the length of any atom of Fi-i is at most 

2-m{i) ^ ^-i^ 

the total measure of those atoms of J-i-i which are not completely contained in one of the 
intervals Ii,l2, 13 is at most 

X{[A, B]) - A(Ii U I2 U I3) + 6A-' < 

Combining this with (|56p we obtain for any function from ([54 



E (^cos(27r(jix"'"i - J2a^"'"2)) 
Thus the double sum in is bounded by 

and together with ([55]) we conclude that 



«ii8^-' + ri2«ri2. 



|E(7;V. 



I A. 



(57) 



(58) 



Consequently, setting 

FM = 5^E(y,Vi-i) and 6m = |Ai 



M 



M 



i=l 



1=1 



we obtain by §2^ and ((581) that 

M 



|Vm-6m| < ^(|E(y,Vi-i)-E(i;'|J-i_i)| + |E(7;Vi-i)-|Ai 

M 



26 



By Lemma [13] we have 

'Yi + --- + Ym 



sup 



<t]- m 



< K 



1/5 



(59) 



(60) 



where K is an absolute constant and ^{t) denotes the standard normal distribution function. 
Using Lemma[6]with 5 = 2(log |Aj|)(loglog |Aj|)~^/^ we obtain 

n > 2c^ vWlog |A,|) « e-i°s(*') + ^ « 



Consequently, since |Tj| ^ |Aj|, we have 



nTf) « ^A^ log I Ail + r^^lAil' « ^'(log 



and, by ((52 



On the other hand, 



M 



M 



i=l 



i=l 



M 



bM > J]|Ai| > 



Combining ([59]), (160|), ([eT]) and ([Ml) we get 



sup 

t 



<t]- m 



f M^{logM)^ + M^Y^^ logM 



MV5 



By (|5T|) we have 

Furthermore, we have 
\/iV||p 

and 

Note that 



M 



i=l 



M 



i=l 



M 

T{ + ...T'm\ <El^il 



M AT 



i=l 
M 



M 



E = E ^(^^"" ) + E (^^ - + E 



(61) 



(62) 



(63) 



(64) 



(65) 



(66) 



1=1 n=l 



i=l 



1=1 
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and consequently 



is equivalent to 



N 



< \\p\\y/Nt 



n=l 



'Hi 



'Hi 



ty/Hi 



tvHd 



Using 



and we get 

i = t(i + o [m-^ + M-^/'^r^Yj 



and consequently 
Thus we finally get 



sup 



which proves the lemma. 



N 



<t\- m 



log M log 
^ — - — ^ — - — 



8 The law of the iterated logarithm for trigonometric polyno- 
mials 

In the present section we will prove the exact law of the iterated logarithm for trigonometric 
polynomials. We will split the proof into two parts: 

Lemma 14 Let p he a trigonometric polynomial. Then for almost all x € [^,5] 



lim sup 

N^oo log log 



<V2\\ 



p\\ 



Lemma 15 Let p he a trigonometric polynomial. Then for almost all x G [^4, B] 

En=iP(ex^") 



lim sup 

AT^oo V^loglogA^ 



>V2\\ 



p\\ 



Proof of Lemma 14' Choose 6 > 1 ("small"). For any /c > 1, let Nj. denote the smallest 
number of the form 



M 



^(i^ + i) for some M 



(67) 



1=1 



which satisfies 
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Since the sequence of numbers of the form (j67p grows polynomiahy, we have 



and —7 — > 1 as A: — )• oo. 

0t: 



(69) 



Let 



Uk 



X £ [A, B] : 
X G [A, B] : 



n=l 



max 

Nt:<M<Nk + l 



> \\p\\y/i2 + e)Nkloglog Nkj , k>l, 

M 



n=Affe+l 



> 238cA\/(iVfe+i - Nk) loglog(A^fc+i - Nk) j , k>l, 

where ca is the constant from Lemma [6l Then, since by definition Nk is of the form (|67p . we 
have by Lemma \TI\ 

(logiVfc)^ 



nUk) < U/(2 + ^)loglogiVfc + ^ 



N 



725 



Using (j69p and the standard estimate 

X 



27r(l + x2) 1/2^3; 



(70) 



we obtain 



Thus 



F{Uk) « e-(2+e)/2iogiog^, 1 



^1+61/2 ■ 



5^P(C/fc) <oo, 



k=l 



and by the Borel-Cantelh Lemma with probability one only finitely many events Uk occur. 
For the sets Vk we use Corollary [3] with 7 = 2||r||~^/^ and obtain 



F{Vk) « exp(-21oglog(iVfe+i - Nk)) « k' 



Thus 



^P(I4) <oo, 

k=l 

which implies that with probability one only finitely many events Vk occur. Hence, by ()69p . 
for almost all x E [^4, B] we have 



lim sup 



< \\p\\y/e{2 + 6) + 238caVi - 0-^- 



VA^loglogiV 

Since 9 > 1 can be chosen arbitrarily close to 1, this proves Lemma [HI 
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Proof of Lemma \15[ As in the proof of the previous lemma, we choose ^ > 1 ( "large" ) and 
let Nk again denote the sequence of the smallest numbers of the form (|67p satisfying 
Set 



Vk 
Then 



Note that by ((69 



X G [A, B] 
X e [A, B] 



Nk+1 

^ p{^x 

n=Nk+l 
Nk+i 

n=l 



>(^-^ \\p\\^2Nk+i\og\ogNk+i 



> 1, 



4 \ 



> ( 1 - — J ||p||V2iVfe+iloglogiVfc+i I , k>l, 



n=l 



> -^||p||V2iVfc+iloglogiVfc+i j , k>l. 



> ¥{Vk)-nwk). 



(71) 



^Vey/2NkloglogNk < V2iVfc+iloglogiVfc+i < 2^/^y2iVfcb^b^ 
for sufficiently large k. Consequently by Lemma [12] and ()70p we have 



nvk) > 

and for sufficiently large k 



exp ( - (^1 - log log 



log log 



> 



(72) 



n=l 



> 2||p||V2iVfcloglogArJ < ^. 



(73) 



By construction the sets Uk, k > 1 are independent. Thus by ([7T]1 . ([72]) . ([73|) and the second 
Borel-Cantelli lemma with probability one infinitely many events occur. Since by (|73p and 
the first Borel-Cantelli lemma with probability one only finitely many events Wk occur, we 
conclude that with probability one 



Nk+i 



n=l 



12 \ 



> ( 1 - — J ||p||V2iVfc+iloglog7Vfc+i 



for infinitely many k, which implies 



lim sup — = 

Tv^oo V2A^loglogiV 



> 



12 

7^ 



for almost all x G [A, B]. Since > 1 can be chosen arbitrarily large, this proves Lemma [T5l 
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9 The law of the iterated logarithm for functions of bounded 
variation 

Lemma 16 For any function f satisfying ([6]) we have for almost all x £ [A, B] 

lim sup =- 

N-^oo V2 log log N 

Choose d > 1, and split the Fourier series of / into a trigonometric polynomial of degree d 
(which will be denoted by p) and a remainder function r. Then, since 

p{x) — r(x) < f{x) < p{x) + r(x), 

by Lemma [TUl Lemma [T^ and Lemma [TCI for almost all x G -B] 



238cAd^^/^ < lim sup , 

Af^oo v21oglogiV 



< 



+ 238cAd 



-1/8 



Of course 



as d — >• oo. Since d can be chosen arbitrarily, we obtain 



lim sup 



V21oglogAf 

for almost all x G [A, B], which proves the lemma. 

10 Proof of Theorem [1] 

First we note that 



sup 

0<a<6<l 

Thus by Lemma [16] for any R> 1 



ia,b)\ 



H0,l/2)\ 



lim sup = > iim sup 

N^OD V log log N N^OD 



E^=iI[o,i/2)(Ca 



-y/log log N 

for almost all x G [vl,-B]. Together with Lemma [TT] and ()4ip this proves 



1 

71 



< lim sup : — < hm sup : — < —;= + 3 • 10 ca-H 

V2 N-^oo VloglogiV Af^oo VloglogiV V2 

for almost all x G [j4,i?]. Since R can be chosen arbitrarily large, this proves Theorem [TJ 



11 Proof of Theorem [2] 

In this section we give a sketch of the proof of Theorem [2j This theorem is in large parts 
a byproduct of the proof of Lemma [T2] from Section [71 By the assumptions in Section [2] we 
consider an interval [A, B] C (1, oo) which is of length 1; however, the proof remains true for 
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intervals of arbitrary (positive) length in exactly the same way. 



Let e > be given. Let > 1 also be given, and set 

N = max{n < N : n is of the form ()44p }. 

Then 

N -N -^N^/^. 

Assume again for simplicity that / is an even function, set J = [e^^] and 

J oo 



p{x) = aj cos 2-Kj 



X, r{x) = ajcoslnjx. 
j=J+i 



Using the methods from Section [3] we can prove 



dx < NJ-^. 



Similarly, using ()74p . we can prove 



\n=Af+l / 



dx < iV^/^ 



For the distribution of the normalized sum 

^7V 



(74) 



(75) 



(76) 



(77) 



we have the approximation result from Section [71 We further have 

N N N N 



n=l 



n=l 



n=N+l 



n=l 



(78) 



Now ()75p and ()76p tell us that the last two sums on the right-hand side of ()78p are "small" 
with large probability in comparison to the norming factor \/iV- Note further that |||?|| — t- ||/|| 
as e — )• 0. Thus the fact that the distribution of (|77p is close to the normal distribution tells 
us that also the distribution of 



N 

is close to the normal distribution, provided e is sufficiently small. Arguing as at the end of 
Section [71 all these results are sufficient to obtain 



X G [A, B] : En=i /(g'") < t I _ 



N 



for sufficiently large N, for all t € 
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